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We present a simple parameterization of the two-photon exchange amplitude in elastic electron-
proton scattering, suitable for fast numerical evaluation.
During last decade, the two-photon exchange (TPE)
in the elastic ep scattering was actively discussed in the
literature. The TPE corrections were found to be impor-
tant in various situations, from proton radius determina-
tion to high-Q2 form factor measurements. There are also
applications beyond pure ep scattering: for instance, the
calculation of TPE on compound systems such as light
nuclei [1, 2] requires knowledge of ep and en TPE ampli-
tudes. However, the calculation of TPE amplitudes for
the elastic ep scattering is technically difficult. For exam-
ple, Bernauer et al. in their recent work [3] used low-Q2
formulae from Ref. [4] because they are ”lending itself
to an easy calculation”, though these formulae are only
an approximation and certainly are not valid at higher
Q2 (> 0.1 GeV2 as stated in Ref. [4]). In the present
note we try to eliminate this problem. We propose a
parameterization of the (calculated) TPE amplitudes, in
a simple form, suitable for quick numerical evaluation.
The parameterization has the main purpose to facilitate
numerical evaluation of TPE amplitudes, and does not
necessarily have deep physical meaning. Nevertheless,
we enforce proper asymptotics at ε→ 1.
Here we fit only so-called elastic contribution (which
was calculated as described in Ref. [5], using proton form
factor parameterization from Ref. [6]). This contribution
is most well-understood and non-controversial; moreover,
it gives the dominant part of the TPE correction to the
unpolarized cross-section [7]. Though it was shown [8]
that inelastic contribution due to ∆(1232) intermediate
state can also give large correction to the GE/GM ratio,
we do not consider any inelastic contributions here, since
we feel they are not estimated well enough at present
time.
In any case, the knowledge of the elastic contribution
is necessary for calculation of TPE corrections to both
unpolarized and polarized scattering, and thus we hope
the present work will be useful.
We use the set of TPE amplitudes δGE , δGM , or δG3,
which was introduced in Ref. [5]. Here we consider only
the real part of these amplitudes, since only real part
enters the formulae for unpolarized cross-section and
double-polarization observables. The correction to un-
polarized cross-section will be
δσ
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FIG. 1: TPE amplitudes at Q2 = 2.5 GeV2 (solid) and their
parameterization (dashed).
where τ = Q2/4M2 and R = GE/GM . The following
relations pertain to the polarization transfer experiments:
the correction to measured FF ratio Rexp,
δRexp
Rexp
= Re
{
δGE
GE
− δGM
GM
− ε(1− ε)
1 + ε
δG3
GM
}
(2)
and to longitudinal component of final proton polariza-
tion, Pl,
δPl
Pl
= −2εRe
{
R2
εR2 + τ
(
δGE
GE
− δGM
GM
)
+
ε
1 + ε
δG3
GM
}
(3)
More details can be found in Refs. [5, 8].
The TPE is an O(α) correction to the leading-order
(one-photon exchange) scattering amplitude. In turn,
next-order, O(α2) corrections, which we will certainly
neglect, are O(α) w.r.t. TPE. Therefore the precision
needed in the calculation of TPE is in any case no more
than α ≈ 1%. Actually, our fit represents TPE ampli-
tudes with the error less than 4% relative or 4 · 10−4
absolute (whichever is larger). Maximal deviations from
the fit occur at very small and very large Q2, in the inter-
mediate Q2 range the quality of fit is much better. As an
example, in Fig.1 we show TPE amplitudes along with
our fit at Q2 = 2.5 GeV2.
We choose to fit over the Q2 range 0 < Q2 < 8 GeV2.
2ai1 ai2 ai3 ai4 ai5 ai6
2.0126e-02 -2.2472e-02 2.3423e-03 1.5409e-02 -1.6884e-02 9.3090e-03
-2.8206e-02 3.3562e-02 -1.2144e-02 -1.8363e-02 -3.8623e-03 -7.1703e-03
-1.9260e-02 1.8697e-02 -1.1005e-02 -7.8194e-03 -9.2961e-03 -8.3462e-03
-2.3053e-03 4.0685e-03 1.3816e-03 -3.6264e-03 6.6169e-03 4.3448e-06
-4.8590e-02 4.6453e-02 -3.5080e-02 -2.2193e-02 -3.8962e-02 -3.0023e-03
3.1901e-02 -2.9166e-02 1.4713e-02 1.7805e-02 4.5447e-03 6.5080e-03
2.0372e-03 -6.4414e-03 3.0230e-03 3.3810e-03 1.3105e-02 5.9247e-04
3.1734e-02 -3.3351e-02 1.4130e-02 1.5156e-02 3.0771e-03 1.5576e-03
4.8470e-03 7.0814e-03 -1.7742e-02 1.6332e-03 -6.7499e-02 -4.5463e-02
-3.6057e-03 -4.1289e-03 1.4277e-02 -2.0706e-03 6.5152e-02 -5.5648e-02
-4.6275e-03 1.2210e-02 -1.4221e-02 -4.7304e-03 -7.8823e-02 1.7449e-01
5.0196e-03 -2.1461e-02 3.1518e-02 5.5065e-03 1.3101e-01 -1.2430e-01
TABLE I: Coefficients aij for δGE/GM (top), δGM/GM (middle), and δG3/GM (bottom).
At fixed Q2, the ε dependence is fitted as
δG/GM = a1
√
1− ε+a2
√
ε(1− ε)+a3(1−ε)+a4(1−ε)2
(4)
where δG stands for δGE , δGM , or δG3. The function
is constructed so that it vanishes at ε = 1, as implied
by dispersion relations. The
√
1− ε term reproduces the
amplitude behaviour at ε → 1; it is equivalent to 1/ν,
which again follows from the dispersion integral.
The Q2 dependence of the coefficients ai was parame-
terized as follows:
ai = ai1+ai2Q
2+(ai3+ai4Q
2) ln(Q2+D)+
ai5
1 + Q
2
m2
+
ai6
1 + Q
2
µ2
(5)
where Q is in GeV, D = 0.046 GeV2, m =
0.359898 GeV and µ = 0.095400 GeV were found as
”best fit” values. The coefficients aij are tabulated in
Table I.
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